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PRELIMINARIES
MAIN ASSUMPTION

We approximate the cosmic plasma as a continuous medium, treating it as an electrically neutral fluid.
The first assumption, despite the typically collisionless nature of the plasma, necessitates the presence of
electromagnetic fields to confine particles within the system (particles interact through electromagnetic
fields in the form of plasma waves, rather than through binary collisions). The second assumption implies
averaging over spatial and temporal scales larger than those set by the plasma and cyclotron frequencies
of all plasma species (note that the inverse of the plasma frequency sets a characteristic time scale for
collective oscillations, and is comparable to the time it takes a thermal particle to traverse a Debye length.)

General references for MHD tutorials and textbooks
> Kulsrud, R. M. (2005). Plasma Physics for Astrophysics.

» Qgilvie, G. |. (2016).Lecture notes: Astrophysical fluid dynamics. arXiv e-prints,
Article arXiv:1604.03835, arXiv:1604.03835. https://doi.org/10.48550/arXiv.1604.03835

» Spruit, H. C. (2013).Essential Magnetohydrodynamics for Astrophysics. arXiv e-prints,
Article arXiv:1301.5572, arXiv:1301.5572. https://doi.org/10.48550/arXiv.1301.5572
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PRELIMINARIES
BASIC DEFINITIONS

Let us define macroscopic scalar parameters of the jet fluid:

> number density n,

> pressure p,

> internal energy density (including the rest-mass energy density) ¢,
> enthalpy w = ¢ + p.

All of these quantities are measured in the rest frame of the fluid, i.e. per proper unite volume, and

therefore should be called “the proper number density”, “the proper pressure”, etc. (“primitive variables”).
Note that the proper specific internal energy ¢ is defined as

e=mnc®+¢ sothat w=mnc®+c+p (1)

where the proper (rest) mass density is mn for a mass of a fluid particle m.

The four-velocity of the fluid is u* = (T, T ), where vV = (3%c) is the bulk 3-velocity, I = (1 — 32)~1/2is
the bulk Lorentz factor, and the indices 1 = 0,1,2,3 and kK = 1,2, 3. In the fluid rest frame one has
u" =(1,0,0,0).

65



PRELIMINARIES
STRESS-ENERGY TENSOR

For an ideal fluid (no energy dissipation, etc.), and in the absence of external forces, the fluid
stress-energy tensor is diagonal in the fluid rest frame, namely

T = wu's’ ~pg @)

where g*” is the metric tensor of the Minkowski spacetime, with the (+ — ——) signature adopted here.

The particle flux four-vector is simply
Dt =nu" . (3)

The following individual components of the stress-energy tensor and particle flux vector can be identified
with, respectively,
> the total energy density 7%° = w2 — p = (e + pj?) I?
> the energy flux density 7°¢ = w2 gk
» the momentum flux density 7% = w2 g/pk + p sk
» the particle number density D° = nu® = nTl
>

the particle flux density DX = nu* = nl gk
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IDEAL FLUID
CONSERVATION LAWS

The local conservation laws in relativistic ideal hydrodynamics are obtained from vanishing
divergence of the stress-energy tensor of the fluid,

V., TH =0 (4)
(energy-momentum conservation), and of the particle flux,
V,D'=0 (%)

(particle conservation), where V,, = 52; = (10, V) is the covariant differential operator.
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IDEAL FLUID
IN CARTESIAN COORDINATES

The conservation laws V, D* and V, 7" = 0, in Cartesian coordinates, become
o(nT) + d;(nrB'c) = 0

(Wl — p) + 9(wl?B'c) =0 (
Or(wI?p") + 0i(wr'?s'8c + pes™) = 0

X

Let us now define the following quantities measured in the laboratory frame:
» the rest mass density p = mD® = mnl’
> the total energy density U= 7% = wl? —p
> the momentum density vector P = 7% /c = wl2f§/c

(note that p # mn). With such, the conservations laws become

Orp + di(pv')
U + 9;(UV' + pv')
OP* + 9;(P* V' + po™)

0
0 (10)
0
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IDEAL FLUID
NEWTONIAN QUANTITIES

In the non- relat|V|st|c limit, it is convinient to subtract the rest-mass density from the total energy densﬁy,
U = U — pc?, noting that this will not affect the energy conservation law, namely 8;U + 8,(Uv’ +pv') = 0.
With such, Newtonian counterparts for the quantities p, U, and P, can be found by series expansions

for non-relativistic bulk velocity 3 — 0 (and so I ~ 1 + 132 and I'? ~ 1 + ), assuming moreover “cold
plasma” mnc? > ¢ + p in the momentum equation, namely

p=mnl — mn(1 +%B2)+O(ﬂ4) ~ mn (12)
U = p?(T—1)+el+p(M—1) = %p0252+s(1+ﬁ2)+p62+0(54)
~ %pvz—i—a (13)
P = (mnc®+e+p)2B3/c~mnc?r?/c = pc?r/c — pc?B/c+ O(8)

~ oV (in the momentum equation only!) (14)

12/65



IDEAL FLUID
EULER CONSERVATION LAWS

All'in all, the set of equations describing non-relativistic ideal hydrodynamics, can therefore be written
in the form of the Euler conservation laws:

mass 9+ 9i(pv') =0 (15)
energy 6t(%pV2 +e)+ 8,'(%,0V2 +e+pv =0 (16)
momentum  9;(pv¥) + 9;(pv¥v' + po™*) =0 (17)

Note the general form of these equation “0; stuff + V - flux of stuff = 0”, which may be therefore
expressed in the integral forms, by integrating over volume V and using the Gauss theorem

/(ﬁ-ﬁ)dl}:/avl:'-dg (18)

where the volume’s surface 9V = S with the outward-pointing normal unit vector 7 for each differential
surface, dS = hdS.
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IDEAL FLUID
CONVECTIVE DERIVATIVE

Now, let us re-write the mass conservation law, 9;p + 9;(pv') = 0, as
(O +V'O)p=—pov' (19)

and denote the convective derivative (‘comoving derivative’, ‘material derivative’, ‘substantial

derivative’,...) as .
Dt = 81‘ + v’8,- (20)

which is measuring the changes of a quantity as it follows a fluid flow:

Af = f(t+ At, X + VAL) — f(t,X)
~ [f(t, X) -+ At (1, %) + At - Vi, X)| — £(2, %)
— At(at+\7ﬁ) f(t, %) @1)
> df = Iimg—<8+\7 ﬁ)f(tz) (22)
T oAt T ’
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IDEAL FLUID
LAGRANGIAN FORM

Accordingly, all the combining and re-arranged Euler conservation laws may be written in the compact
Lagrangian form

v (23)
V-V (24)

<l

mass Dip=—p
energy D <5> = -

- 1 5
momentum Div = —; Vp (25)

)
SRR
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CONTINUITY EQUATION
VARIOUS FORMULATIONS

Let’s look at various form form of the law for the conservation of fluid mass, aka the continuity equation:

Euler 9p+V-(p¥) =0 (26)

Gauss  O; /de = / dsS - (pv) (27)
oV

Lagrange Dijp=—pV -V (28)

> the first one says that the time derivative of a mass density at a given place is balanced by the
divergence of the mass density flux

> the second one is telling us that the variation of mass in the volume V must be entirely due to the -in
or -outflow of mass through the volume’s surface 0V = S

> the third one is telling us that changes in the fluid density along the flow, are due to the fluid
compression —V - V.
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CONTINUITY EQUATION
COMPRESSIBLE/INCOMPRESSIBLE FLUID

Let’s re-write the continuity equation as

Otp

== =-V.-V (29)
p

.V
Ly Ve
p

where the term ¥ - V) describes advection of the fluid element with velocity v, and —V - v is the
compression term:

> V.-V<0 corresponds to the case of converging flows (fluid compression);
> V.V<0 corresponds to the case of diverging flows (fluid dilation);

> V.V =0is the condition for incompressible fluid; for such, the conservation equation implies in
particular D; p = 0, meaning that the fluid density is conserved along the flow.
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ENERGY EQUATION
FUNDAMENTAL THERMODYNAMIC RELATION

Let us recall the fundamental thermodynamic relation (i.e., mathematical summation of the first and

second law of thermodynamics):
dU =TdS —pdV (30)

where T is the temperature, U = ¢V is the internal energy of a fluid, and S is the fluid entropy. Noting
that p = M/V, where M is the total mass within the volume V, one therefore has U = M/ p, and hence,

assuming M is constant,
1
d<€> — Tds— pd<> (31)
P P

where s = S/M is the specific entropy, i.e. fluid entropy per unit mass.
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ENERGY EQUATION

ENTROPY CONSERVATION

Now, let us note that d(1/p) = —p~2dp, replace the total derivative with the convective derivative,
d — D, and recall the continuity equation in the Lagrangian form D;p = —p V - V; with all of such we
arrive at

p
This, when compared with the energy equation in the Lagrangian form, implies that

D,(Z):TD,s—pﬁ-v (32)

Dis=0 (33)

i.e., that the specific entropy is conserved along the flow (that is, following a volume element along
the flow) or, in other words, that the ideal fluid is adiabatic.

19/65



ENERGY EQUATION
EQUATION OF STATE

Let us introduce the equation of state as the relation
p=0F-1)e (34)

where 4 is the adiabatic index, and recall again the energy equation in the Lagrangian form
Dy (%) = —% V - V. From there it follows that

o(?)=-6-n2 % 5

(assuming that 4 is constant along the flow!), where we used again the continuity equation. This is
equivalent to

<
<i
I
—~
2
|
—
N—r
L)
e
w
o

Dilnp=4DtInp (36)

D (p’;) —0 (37)

meaning that
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ENERGY EQUATION
VARIOUS FORMULATION

We have therefore equivalent equations

energy conservation D <;> = —g AV (38)
+ thermodynamic relation D;s = 0 (39)
+ equation of state Dy (;) =0 (40)
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ENERGY EQUATION
POLYTROPIC FLUID

Note that the fundamental thermodynamic relation with the specific entropy conserved, ds = 0, reads as

1
p p
which, for the equation of state p = (5 — 1)e, may be re-arranged as

dinp=4dlInp

meaning )
p=Kp’

where K is the integration constant (for an adiabatic process). The above is called the polytropic

(41)

(42)

(43)

equation of state. What is therefore a meaning of the statement D;(p/p7) = D;K = 0? And how does it

relate to the specific entropy conservation D;s = 0?
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ENERGY EQUATION
FORMS OF ENTROPY

Recall that e = p/(§ — 1) = Kp? /(5 — 1), so that, assuming K is a variable,
dine=4dhnp+dinK (44)
Moreover, since p = (p/m)kT, the fluid temperature is

mp
_mp 4
P (45)

Using these, the fundamental thermodynamic relation d(¢/p) = T ds — pd(1/p) can be re-written as

m 1
— ds = dinK 46
Kk BT a1 90 (4e)
meaning that K is, in fact, a form of entropy,
s=5+ K In K (47)
= S0 7S EY
m(5y—1)

and hence the conditions D; s = 0 and D; (p/p7) = 0 are indeed equivalent.
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EQUATION OF MOTION

INVISCID FLUID

Finally, let us look again at the momentum conservation equation in the Lagrangian form,

which is clearly the equation of motion (recall the Newton’s md;v = F), or the Navier-Stokes equation
for an ideal inviscid fluid. It says that the element of a fluid will experience acceleration along the flow
due to a force being the pressure gradient, F= —ﬁp. Note that any other force, such as gravity, or a
Lorenz force, can therefore be incorporated as an additional term on the right-hand side of this equation.
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BASICS

ELECTROMAGNETIC POTENTIAL, TENSOR, AND CURRENT

Let us define the electromagnetic potential
A= (i, A) (49)

such that the magnetic field intensity B =V x A and the electric field E = —ﬁp — %G,ﬁ. The

electromagnetic field tensor is
Fuw =V, A, =V, A, (50)

so that 7% = —EX and F* = —¢j,B™. Note that F,,, = —F,,,, and also the invariants
FuwF* = 2(B? — E?) = inv, along with e*#° F, s F. 5 = —8 (E - B) = inv.
We moreover introduce the relativistic four-vector electromagnetic current as

J"=(cQ,)) (51)

where Q is the electric charge density, and fis the electric current density vector.
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BASICS

MAXWELLS EQUATIONS

Maxwell’s equations can now be formulated as

4
VW = -
e“ﬂ””V5qu =0
In the Cartesian coordinates they obtain the familiar forms:
- o dr - 1 =
Amper V xB = —Wj —OE
c c
- 1
Faraday V x E = —E&B
Gauss V-B = 0
Poisson V-E = 47Q

(here we use strictly Gauss units!!!).
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BASICS

STRESS-ENERGY TENSOR OF THE EM FIELD

The stress-energy tensor of the EM field is defined as

v 1 o TV 1 WV o
ﬁM:_E’FMfa_‘_ﬁg! fﬁfaﬁ s (58)

The following individual components of this stress-energy tensor can be identified with

> the EM field energy density 7,5 = Upy = 5= (E2 + B?)
> the EM field energy density (Poynting) flux c7;3; = Piy = & (E x B)’
> the EM field momentum flux density 7%, = Nk, = — L (E'EX + B'B¥) + - (E2 + B?) o

Note the two components in the momentum flux density (“Maxwell stress”) tensor, corresponding to the
tension and pressure of the field lines, respectively. Also, Ty = Tiag-
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INTERLUDE
EM FIELD LORENTZ TRANSFORMATIONS |

Recall the Lorentz transformations of four-vectors and tensors:
T =N T FM = NN FOP

where the Lorentz transformation matrix

r —IBx —I By —rﬁz
_ _F/BX 1 + 521 ﬂx r_1 Bxﬂy 5X/82
Na = —IBy ﬁxﬁy 1 + 15}/ Iﬁ 1Byﬁz

I8, rﬁ1ﬁxﬁz G614

Keep in mind that

0 —-Ex —-E, —-E
Ec 0 -B, B,

E, B 0 -—Bx
E, -B, By 0

FoP =

(60)
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INTERLUDE
EM FIELD LORENTZ TRANSFORMATIONS ||

It therefore follows that the relativistic transformation of the electric and magnetic field components are

E—r (E+7xB) -5 7 (7-E) (©2)

=5 (5-8) (69

Note that Lorentz transformations effectively “mix” the electric and magnetic field components.

B=r(B-FxE)--

As for the electric charge density and currents, we have

cQ =TeQ-T <§f) (64)

.- I
J=i-reqi+ 5 3 (5]) (65)
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INTERLUDE
CLASSICAL OHM’S LAW

According to the classical Ohm’s law, in the rest frame of a fluid the electric conduction current is
j=0FE (66)

where o = €ne./me is the fluid conductivity, for the electron number density ne and the electron
collision timescales with the bulk of fluid 7. Taking now the transformation of the EM field and currents in
the non-relativistic regime, i.e., ignoring terms O(3?) or higher, namely

-

EE~E+3xB , B~B-(BxE , j~j-vQ (67)

one therefore obtains ]
fG—wﬁgE+5xé (68)
g
meaning E~ —5 x Bin the perfect conductivity limit, =1 — 0.
The essential statement here is, in fact, that the electric field must vanish in the fluid rest frame, if
only the conductivity is infinite,
E'=0 if 0'=0 (69)

because in this limit charge carriers immediately rearrange to cancel all the rest-frame electric fields.
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INTERLUDE
COVARIANT FORM OF THE IDEAL OHM’S LAW

Assuming therefore the perfect conductivity limit, o~ — 0, the covariant form of the ideal Ohm’s law is
Fu, =0 (70)
This is not a full relativistic generalization of the Ohm’s law, but only the covariant form assuring that, in
the perfect conductivity limit, electric field is vanishing in the fluid rest frame. Indeed, note that in the fluid
rest frame F'*/u/,, = (0, E'), while in general (u*) = (I, T 8¥), so that for the space components
Fu, =0 —>r(é+5xé):o (71)

while the time component gives the consistency condition which is then automatically satisfied, namely

Fu, =0 r(é.ﬁ):o (72)

Note that for an ideal electric field E = —5 x B, the Poynting flux becomes

Pou=- (ExB) = [(78*-B(5B)| (73)

s
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INTERLUDE
POYNTING THEOREM

Recall the identity which follows from the Maxwell’s equations for given definitions of 7| and F**,

v 1 (4e%
VT = =5 F7* Ja (74)

This relation describes the exchange of energy and momentum between the EM field and a matter, with
the matter entering only through the 4-current 7.

Let’'s consider first the time component of this identity, and in particular its both sides
w1 - 15 1 00 15 -
VT = p Ot Ugm + V- EPEM and _E}— TJa = _Ej -E (75)

respectively. We have therefore .
—OtUgm =V - Pey +j- E (76)

i.e. the Poynting theorem, which can be also expressed in the integral form
ﬂ#/MMdV:/‘ﬁmpd§+/fédV (77)
v

The rate of changes of the EM field energy in a given volume is equal to the EM energy flowing

in/out of the volume, minus the EM energy dissipated within this volume at the ratej
33/65



INTERLUDE
LORENTZ FORCE

Now let’s consider the space component of the V,, 75y = —15 Fre J, identity, for which the both sides are
uk 1 ok ki e, A2 122
Vi'Tgm = 2 O0tPgy + Villgy  and c]: Jo=—-QE i B (78)

respectively. From this we obtain the equivalent of the momentum equation for the EM field, namely

1 o - .
2 OtPeM + V- Tlpy = —FL (79)
where the Lorentz force density is
S I

This is the force exerted by the EM field on the fluid!
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IDEAL MHD

RELATIVISTIC IDEAL MHD

The standard covariant formulation of relativistic ideal magnetohydrodynamics (MHD), consists of

total energy-momentum conservation  V,, (7" + Ty) =0 (81)
particle number conservation V,D'=0 (82)

4
Maxwell’s equations (inhomogeneous) V,FH = —?ﬂj # (83)
Maxwell’s equations (homogeneous) By VgFuw =0 (84)
ideal Ohm’s law  F*"u, =0 (85)

Note that the charge conservation, V,, 7 = 0, is not an independent equation in this framework, but it
follows automatically from Maxwell’s equations, since V,V, F* = 0 for F** = —F"H,

MHD equations describe dynamics of a conducting fluid interacting with electromagnetic field.
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IDEAL MHD

DISPLACEMENT CURRENT

Orders-of-magnitude analysis of the Faraday law implies

L. 1. E B
VxE=—"19B —» -~2Y o E VB (86)
c 4 c/ c

where ( is the characteristic spatial scale, and the dynamical timescale 7 ~ ¢/v for the fluid velocity v.
Hence, the “displacement current”

2E = 5~ ()

2 B

7 (87)

This implies in particular that, in the non-relativistic regime v/c < 1, conductive currents fdominate
the dynamics of the EM field, since through the Amper’s law

— - 47'('—,» 1 = B j 4 2B
B=""7,19E 5.1 \° B
v x T+ 0E - Z~Ls (C) . (88)

In the non-relativistic regime one can therefore neglect the O(52)-order displacement current ¢~ OE.

36
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IDEAL MHD

ELECTRIC CHARGE DENSITY

Similarly, orders-of-magnitude analysis of the Poisson law implies

- E
V- -E=47Q — ?NQ (89)
and therefore ) 0
5 E v\2 B
QE T~ (5) 7 (%0)

This implies in particular that, in the non-relativistic regime v/c < 1, currents also dominate the
force exerted by the EM field on the fluid, since

1. = jB B? v\2 B?
— —_— — — e 1
C/xB — - 7 > (C) 7 (91)

In the non-relativistic regime one can therefore neglect the O(32)-order term QE in the Lorentz force.
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IDEAL MHD

MAGNETIC INDUCTION EQUATION

Let us therefore simplify Maxwell’s equations by ignoring the displacement current, c19E = 0, as well
as by setting charge density to zero, Q = 0, both of which assumptions are justified in the non-relativistic
regime, as elaborated above. One then has in particular

- S i - o 1 - 5 - S
VxB=—j , VxE:—EGtB , V:-B=V-E=0 (92)
We also recall the non-relativistic Ohm’s law 0*17: E+ 5 x B. By combining the above relations, and

noting that V x (V x B) = —V2B, one obtains the equation governing an evolution of the magnetic field,
aka the magnetic induction equation,

OB =V x (\7>< é) +n V2B (93)
where the magnetic diffusivity is
2
= — 4
n dro (94)

The first term on the right-hand side of this equation described advection of the magnetic field with the
fluid, while the second term corresponds to the diffusion of the magnetic field out of the system.
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IDEAL MHD

MAGNETIC REYNOLDS NUMBER

Order-of-magnitude analysis of the two terms on the right-hand side of the magnetic induction equation:

- - B B 14
V x (v X B) — TV = — —  Tadv = v (95)
- B B 72
nVeB — 72” = = = (96)
Tdiff

where / is the characteristic spatial scale of the system. The magnetic Reynolds number is a ratio of
the two corresponding timescales for the field advection and diffusion,
Tait _ LV

Ry = L4 _ (97)
Tadv n

See that the regime of a high conductivity, c=' — 0, implies n — 0, meaning Ry — oo, or in other words

Taiff > Tadv- Thatis, in the perfect conductivity limit, diffusion of the magnetic field out of the system, is
negligible with respect to the advection of the magnetic field with the fluid.

For majority of cosmic plasmas, R, > 1 indeed! In the case of the static system v = 0, the typical
velocity that occurs in a magnetized fluid should be Alfvén velocity. With such, the magnetic Reynolds
number is referred to as the Lundquist number .
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IDEAL MHD

ALFVEN’S THEOREM

Assuming therefore perfect conductivity and non-relativistic bulk velocities, we have
OB =V x (\7>< é) (98)

which, keeping in mind the Gauss’s law for magnetism V-B=0, implies the magnetic flux
conservation, namely that the magnetic flux ¢\ = [ B- dS through a surface S moving with the bulk
fluid velocity v, is constant, D; ¢\ = 0 (Alfven’s theorem, or the “frozen-in flux” theorem).

An another way of looking at it, is to use this simplified induction equation (with no diffusion term)
combined with the continuity (mass conservation) equation d;p + V - (pV) = 0, yielding

B (B -\ .
D — = (-v) % (99)
P p

which implies the field line conservation, namely that changes of magnetic field per unit mass, B/p,
along a fluid trajectory, are due only to the stretching or orientation of field lines caused by fluid motion.
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IDEAL MHD

ALFVEN’S THEOREM - PROOF

Note first that that the magnetic flux through the volume V
encompassed by a flow (fluid element) moving with
velocity v in a time interval (t,t + dt), is

om(t+dt)|g — dm(t + dt)|g + om(t + dtb)|,
= / Bt + dt)dS = /ﬁ-é(mdt)dv = 0(100)
oV
where in the second line we used the Gauss theorem

(volume/surface integral) and next the Gauss law
(V - B =0). Note also that

oult +dt)|, = /é(t) dA (101)
= ¢ Hi)- (de th) (102)
aS
On the other hand, we have by definition

Drom = om(t + db)|s — dm(t)]s (103)

Hence

Diom = om(t+0at)s— om(Dls  (104)
- 835(0- (de th)
a,o;M_]gS (vxB) -

_ /[a,é—ﬁx(Vxéﬂdg:o

where we used the vector identity

B-(Ax C)=(C x B) - A, next the Stoke’s
theorem §,c X - dl = [(V x X) - dS, and finally
the simplified magnetic induction equation.
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IDEAL MHD

TOTAL ENERGY CONSERVATION

Let us now consider the time component of the total energy-momentum conservation, i.e., the energy
equation V,, (70 + 7]51\(/)[) = 0. In Cartesian coordinates it can be written in the conservation form as

O (U+ Upy) + V- (U+p)\7+,E’EM] —0 (105)
where, as defined previously, the fluid total energy denS|ty U = wl'? — p, the EM field energy density

Ugm = (E2 + B?)/8r, and the Poynting flux Pgy; = ¢ (E x B) /4.

Using the Poynting theorem 9; Ugnt + V- Peum = —j- E to eliminate the EM energy terms, we find the

fluid energy equation becomes
wU+V-(U+p)v=j-E (106)

However, for an ideal fluid, there can be no energy dissipation, including any conversion of EM
energy into the internal energy of the fluid! In other words, in ideal MHD, since j - E = 0, the energy
equation reduces to a conservation equation for the fluid’s total (bulk + internal) energy.
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IDEAL MHD

OHMIC DISSIPATION

Recall that in an ideal (non-dissipative), non-relativistic fluid, conservation of internal energy,

o, U+ V- (U + p)V = 0, leads to the conservation of specific entropy, D;s = 0. Since entropy
increases only through irreversible processes, a non-zero f E in the analyzed conservation of
internal energy equation, would imply D;s # 0.

Now, remember that the generalized Ohm’s law is E~o! f— 5 x B, and hence

2 2 1, 2 3 = 1, - B
/-E:fﬂ—,.(ﬁxs):;ﬁjuv-& (107)

where Fi, = ¢~'j x Bis the Lorentz force. That is, in the ideal MHD limit o~ — 0 and j - E = 0, the work
done by the electromagnetic field is entirely reversible mechanical work, v - Fi =0, manifesting as
plasma bulk acceleration, with no irreversible heating, and as such is fully accounted for by the
momentum conservation equation: fluid and field exchange momentum, but not energy.

Only when resistivity is finite, o' # 0, can Ohmic dissipation (Joule’s heating) occur; plasma resistivity
provides then a dissipative sink for magnetic field energy: as magnetic energy diffuses out of the
system, it decreases over time, and the entire loss is converted into Ohmic heating of the fluid,

with pT Dyis = o1 j2.
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IDEAL MHD

TOTAL MOMENTUM CONSERVATION

In an analogous way, when considering space components of the total energy-momentum conservation,
i.e., the momentum equation V,, (T + TE’ﬁ\ﬁ) = 0, we obtain the conservation form

1 ) . )
O <Pk + 02P§M> +9; (P*V' + ps™ + Nfy) =0 (108)

where the Maxwell stress tensor M, = —;- (E'EX + B'B¥) + L (E? + B?) §*. Using the momentum
equation for EM field, the above is equivalent to
0P + 05 (PV' + ps™) = Fff (109)

From here it follows that the EM field is acting dynamically on the fluid through the Lorentz force Fi..
This leads to changes in the fluid’s bulk kinetic energy and/or pressure, but does not increase its
entropy.
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IDEAL MHD

MAGNETIC TENSION AND PRESSURE

Neglecting the displacement current (0‘1&/:: = 0) and assuming electric neutrality of a fluid (Q = 0) —
both of which are justified in the non-relativistic regime, as elaborated above — the Lorentz force
becomes

=

Fi =

(oo ])

jxB = V x

/N

) xB=

—§<887i> : (110)

1

4t

- B9
47

1
c

(oo ]

The first term on the right-hand side represents the magnetic tension force, which acts along
curved field lines ("tension pulls"), while the second term corresponds to the magnetic pressure
gradient, which acts perpendicular to field lines where magnetic pressure varies ("pressure
pushes”).
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IDEAL MHD

TOROIDAL MAGNETIC FIELD

As an example to help us better understand the
magnetic tension term (B - ﬁ)é and the magnetic
pressure term —VB? in the Lorentz force, let us
consider an axisymmetric magnetic field in
cylindrical coordinates (r, 8, z) consisting of a
purely toroidal component with a possible
gradient in the z-direction. Specifically, we take

B=B?+Byd+B,2 with
By = By(z), B, =B, =0 (111)

i.e., a field with only a toroidal component By,
which may vary along 2, and no poloidal component
(Br = B; = 0). For such a field, we have:

S B3

B = --%%
r

o83,
0z

(112)

(113)

By

— —

5,
— —
— —

The first term thus corresponds to a radially inward
force (—F) due to the curvature of the magnetic field
lines (magnetic tension), while the second
represents a vertical force in the Z-direction resulting
from a gradient in the magnetic energy
density/magnetic pressure.
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IDEAL MHD

IDEAL NON-RELATIVISTIC MHD: MAIN ASSUMPTIONS

Let’s clarify the main assumptions behind “non-relativistic ideal MHD approximation”:
» non-relativistic bulk velocities g < 1
— OE<4r] and QE<c'jxB
— j~(c/4m)(VxB) and Fo~c 'jxB
» perfect conductivity regime c—' — 0
—~ E'=0
— E:—gxé and 7-/2':0
» bothg<t1ando ' =0
- Rum>1

— 6t§:§x(\7x§>
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IDEAL MHD

IDEAL NON-RELATIVISTIC MHD: EQUATIONS

All'in all, the set of non-relativistic ideal MHD equations for a polytropic fluid reads:

dp+V-(p¥) = 0 (114)
D (p/p’) = 0 (115)
pDiV = —ﬁp+157><1§ (116)

B = 6x(\7xé) (117)

where j ~ ¢ (V x B)/4r, and the solenoidal constraint V - B = 0 is imposed as an initial and boundary
condition. Remember that conservation of energy along the flow, eq. 115, is equivalent to the
conservation of specific entropy, T D; s = 0, for a polytropic fluid with the equation of state p/p” = K(s).

In the ideal non-relativistic MHD, electric field becomes a secondary quantity!
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IDEAL MHD

PLASMA MAGNETIZATION PARAMETERS

Let us define the plasma magnetization parameters o}, and 3, as ratios of fluid bulk kinetic energy
density %pvz, or pressure p, to the magnetic field energy density Ug = B2 /8,

B P
opl = +—— and [y =-—.
P T2 P Us

(118)

Note that, up to orders-of-magnitude, relative magnitudes in various terms in the ideal MHD
(non-relativistic) momentum equation pD;v = —Vp+ ¢~ 'j x B, are

’c”fx é‘
|p Dev|

%

— opl and H‘ — Bpl (119)

’C—qx B

Therefore, the condition op,; > 1 corresponds to a regime where magnetic forces dominate inertia, and

the momentum equation approaches a magnetohydrostatic force balance: ﬁp ~ (1 /c)fx B.
If, in addition, 8,1 < 1, then the pressure gradient becomes negligible, and we approach the force-free

magnetic field limit: fx B ~ 0. In this regime, the magnetic field is in equilibrium with itself, with a
balance between magnetic pressure and tension, and currents flow along field lines: j||B.
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IDEAL MHD

IDEAL NON-RELATIVISTIC MHD: CONSERVATION FORM

The system of ideal non-relativistic MHD equations, can be cast in the conservation form, where we
ignore the electric terms in the Maxwell stress tensor gy and in the field energy density Ugn, as well as
the time variation of the Poynting flux 0;Pgn, as these are all of the (9(v/c)2 order. As a result, we obtain:

dp + [pv (120)
1 1 1 1
) <2pvz—|—€+87r82> + 5PV —|—6+p+82> vi— 4\/,3'31] =0 (121)

k L op2Ysik _ ! pipk| _
o (pv*) + 05 |pviv +<p+87TB>5 47733} 0 (122)
O

O Bk +

VB —vkB| =0 (123)

Keeping in mind equation of state that relates w directly with n and p, as well as ideal Ohm’s law relating
E with ﬁand B, we have 8 dynamical variables: n, p, three components of 3 and three components of B;
for these, we have eight ideal MHD equations to consider: particle flux conservation, energy
conservation, three equations for the momentum conservation, and three from the magnetic induction
(Faraday’s law). However we have also one “boundary condition” equation provided by the Gauss law for
magnetism, meaning that we do have eight equations, but with 7 degrees of freedom.
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Part Il

WAVES AND SHOCKS
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MHD WAVES

SOUND AND ALFVEN SPEEDS

Let us define first the sound speed as

3
jo]

Ce=C M non-relat. fluid: w~~pc? P (124)
w p

and the Alfven speed as

82/47'(' non-relat. fluid: wevpc? B
va=_cC 125
A \/ w + B?/4x w>Up VAaTp (125)

Note that the plasma magnetization parameters are then o, = (v/va)? and 3,1 ~ (cs/va)?.

In hydrodynamics, if the sound speed cs is much faster than the fluid bulk velocity v (i.e. if the flow is
extremely subsonic), changes in the fluid density can be approximately treated as being instantaneous,
and so the flow can be considered as incompressible: V - v = 0.
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MHD WAVES

INTRODUCING PERTURBATIONS

We perturb the system of ideal non-relativistic MHD equations (114)—(117) by introducing small
variations of the unperturbed quantities:

B=By+Bi, V=Vo+Vi, p=po+p, P=po+pi (126)

We then linearize the equations, assuming that the perturbations are small: p1/pg < 1, etc., and
consider a single Fourier component of each perturbation:

p1 o< expli(k - X —wt)], etc. (127)

That is, we assume the perturbations are plane waves propagating with frequency w/(27) in the
direction of the wavevector k.

The linearized, Fourier-transformed system forms a closed, linear, and homogeneous set of equations for
the unknowns: §1, Vi, p1, and py, with k and w treated as parameters (determined by the initial or
boundary conditions). To obtain non-trivial solutions, we set the determinant of the coefficient matrix to
zero; this yields the dispersion relation for the perturbation waves:

w = w(K). (128)
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MHD WAVES

DISPLACEMENT VECTOR

Alternatively, we may introduce the displacement 2z P R
S = kK K- 132
vector &, which gives the direction and distance a powe 17p0 (k&) + (132)
fluid element is displaced from its equilibrium . {R’ X [E X (g X B})H x By
position: T
. t
7t — _ 72 =7y /
Er,t=0)=0 and ¢(r,t)= A vi(r,t') dt equilibrium
(1 29) position

so that B "o

0 = (T, 1) (130)
From the linearized ideal MHD equations, by displacement position
replacing v; with 9;£, we can then derive: 1

po P26 =F (131) One may note that the condition & - F = 0

determines whether instabilities caused by the
perturbation grow; a negative sign indicates a
restoring force, while a positive sign implies
amplification and instability.

where F = F (& po, By) is the force acting on a fluid
element when it is displaced by 5 Again, we look for
wave-like solutions ¢  exp[i(k - ¥ — wt)],
obtaining:
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MHD WAVES

DISPERSION RELATION

All'in all, after transforming to the frame moving with plasma, wy = w — k - ¥y, we obtain
. 2 . 2
Wl [w(z) - (k : \7A> ] [wg — K2 (2 + VE) wE + KB (k : \7A> ] =0, (133)

W|th Va = va By, sothatk va = k va cos ¢, where ¢ is the angle between the unperturbed magnetic field
Bo and the direction of the wave propagation K.

From there one may calculate the phase and group velocities, i.e., velocities of single plane waves

and wave packets, respectively:
Ow

%K (134)

w
Vph = ? and Vgr =

Magnetosonic waves

Alfven waves

=|

e}

Y
=
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MHD WAVES

ALFVEN WAVES

The solution
wi = k?v4 cos® ¢ (135)

describes Alfven waves (AWs), propagating in the ‘+’ or ‘-’ direction at some angle ¢ to the
unperturbed magnetic field By with the phase velocity v cos ¢ (as measured in the fluid rest-frame). This
is a displacement of the plasma element together with the magnetic field frozen into it.

Properties:
» incompressive: there are no density, pressure, or entropy fluctuations, p1 = py = s1 = 0;

> transversal: the fluid velocity perturbations and the magnetic field perturbations are transverse to
both the direction of propagation and the unperturbed magnetic field, v L k, By, and B; L k, By;

» nondispersive: all frequencies propagate at the same speed.

20 L

Movie: Standing Alfven wave (Spruit, 2013)
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MHD WAVES
MAGNETOSONIC WAVES

The solution
wg — wh k? (c5 +v3) + k* 5 V3 cos® ¢ =0. (136)

gives slow magnetosonic waves and fast magnetosonic waves (SMWs and FMWSs). The phase
velocities of these modes are

1 1 2
Vo ts = > (5+Vv3) + > \/(c§ +v2)" —4c2vicos? . (137)
These modes involve compressions and rarefactions of both the plasma and the frozen-in magnetic field.
The perturbed fluid velocity lies in the plane defined by k and By. In the fast mode, magnetic and thermal
pressure perturbations reinforce one another, while in the slow mode they act in opposition.

Movie: Standing slow mode for va/cs = 0.5 and ¢ = 0.4 rad (Spruit, 2013)
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MHD WAVES
PHASE VELOCITY FRIEDRICHS DIAGRAMS
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MHD WAVES

LiMITS

> In the “zero temperature” limit, i.e. for negligible fluid pressure, FMWs become compressible Alfven
waves (CAWSs), which propagate in all directions (i.e., for all angles ¢) with velocity perturbations
V1 - k # 0, non-vanishing density perturbations p # 0, and with the dispersion relation w3 = k?v3.

> In the case of vanishing magnetic field, magnetosonic modes become ordinary sound waves (SWSs);
these longitudinal waves (v; || k) satisfy the wave equation 92p; = ¢2V2py giving the dispersion

relation wg = ¢2k?, and as such propagate equally in all directions with phase and group velocity cs.

> In other words, with negligible pressure but non-negligible magnetic field, we have AWs and CAWSs;
on the other hand, with non-negligible pressure but negligible magnetic field, we have only SWs.
When both gaseous pressure and magnetic field are considered (ideal MHD), AWs remain
unaffected, but CAWs and SWs couple to form SMWs and FMWs.

> In the regime of a strong magnetic field w < Ug, we have vy ~ ¢. Meanwhile, for a fluid with
relativistic equation of state w = 4p, one has ¢s = ¢/+/3.

» The solution wg = 0 in equation 133, or equivalently w — Kk o = 0, describes entropy waves (EWs);
these correspond to a degenerate (zero-frequency) mode in the MHD wave spectrum, with phase
velocity v, = wo/k = 0 in the fluid rest frame, typically caused by initial spatial variations in entropy
or pressure/density without corresponding variations in velocity or magnetic field (a moving plasma
carries the entropy waves with it — passive advection of thermodynamic inhomogeneities).
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SHOCKS

CONTACT DISCONTINUITIES

In collisional fluid dynamics, shock waves are a type of contact discontinuity where the flow
macroscopic parameters — bulk velocity, pressure, density — change abruptly due to supersonic motion.
In general, such surfaces may propagate with velocities different from the fluid bulk velocity. Unlike
tangential or rotational discontinuities, which involve no flow across the surface and conserve energy,
shocks allow for the flow of matter across the discontinuity and are inherently dissipative,
converting kinetic energy into internal energy and increasing entropy. They represent a breakdown
of smooth flow and are fully allowed in the framework of compressible hydrodynamics.

In collisionless magnetized plasmas, shocks can also form when the flow speed exceeds the fast
magnetosonic speed. In contrast to collisional shocks, where dissipation arises from molecular collisions,
dissipation in collisionless shocks occurs over spatial scales comparable to the ion or electron kinetic
scales (such as the gyroradius or inertial length) and is mediated by collective plasma processes,
including wave-particle interactions and electromagnetic instabilities.
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SHOCKS

SHOCK REST FRAME

shock
LAB frame front
upstream downstream
. ayu
Vsh > Cy_ '
u_=0 u, <vgy,
SHOCK frame
! A
U_ == Vsn uy = — (Vg — uy)
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SHOCKS

RELATIVISTIC HYDRO SHOCKS

Consider a flow along the X direction, and a shock front perpendicular to 5 The relevant conservation
laws are V,, 7 = 0 and V,D* = 0. Assuming a steady state (0; — 0), these reduce to

viT"%=0, V47" =0, and VD' =0 (138)

Integrating these equations over a cylindrical volume aligned along X and crossing the shock front, and
applying Gauss’s theorem, we note that the surface integrals over the lateral sides of the cylinder vanish
due to dS - 5 = 0. This yields the following jump conditions across the shock:

TO=T° - w.r?g =wTr3p (139)
T =T% — w.r2p®+p_=w,rip% +p; (140)
D! = Dl_ — n_l_p_=n,T,064 (141)

These equations express the conservation of energy flux, momentum flux, and particle flux across
the shock front, respectively.
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SHOCKS

NON-RELATIVISTIC HYDRO SHOCKS

In the non-relativistic limit with no magnetic field, the shock jump conditions read as

p-V24p. = ppvi4py
_+p- 1 1
L L
p— 2 P+ 2
p—V— = p+Vy

2
+

(142)
(143)
(144)

(Rankine-Hugoniot conditions). Thus, for the adiabatic index 4 the same for the preshock (upstream)

and the postshock (downstream) regions, one obtains

R Pt _ V- _ (3 +1) M2
Tl vy (F—1) M2 +2
P+ 2AM2 4 —1
p— A +1 A+
where the upstream Mach number is
V_
M_ =
Cs, —

Hence, in the regime of a strong shock M _ > 1,

M_>>1 q
R > 'Ay
v

(145)

(146)

(147)

(148)
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SHOCKS
PARALLEL MHD sSHOCKS

For the case of a parallel shock — i.e. when B lies entirely along the X direction and is therefore parallel
to the shock normal n — we apply Gauss’s law for magnetism V - B = 0 to a cylindrical volume aligned
along X and crossing the shock front. Integrating over this volume and using Gauss’s theorem, we obtain:

/dv(ﬁ-é)z/ é-d§:—/ Bd8+/ B,dS =0 — B_=B, (149)
oy So So

That is, the component of the magnetic field parallel to the shock normal remains continuous
across the shock. More generally, this condition can be written as:

[7-B]- =[n-Bl; (150)

parallel shock

— B =

B
g | 0=

U_ ' II ull
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SHOCKS
PERPENDICULAR MHD SHOCKS

For the case of a perpendicular shock — i.e. when B lies entirely in the y — 2 plane and is therefore
perpendicular to the shock normal 7 — we consider the steady-state induction equation VxE=0
keeping in mind that £ = —(V/c) x B: integrating over a rectangular area spanning the shock and
aligned along %, and applying Stokes’ theorem, we find that the tangential electric field must be
continuous across the shock:

/dS (ﬁxé):/ E‘-d€:+/ E_de—/E+d€:O ~ E. =E, (151)
oS Lo Lo

the continuity of E implies that the transverse magnetic field is compressed in proportion to the
velocity jump: B, = (v_/v;) B_ = R B_; More generally, this continuity condition can be written as:

[ x (V x B)]— = [ x (V x B)]+ (152)

perpendicular shock

. B i _ B,
E® [ | E- ®®
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